
 

 

 

Volume 12, Issue 8, August 2023 

Impact Factor: 8.423 



International Journal of Innovative Research in Science, Engineering and Technology (IJIRSET) 

                                              |e-ISSN: 2319-8753, p-ISSN: 2347-6710| www.ijirset.com | Impact Factor: 8.423| A Monthly Peer Reviewed & Referred Journal | 

|| Volume 12, Issue 8, August 2023 || 

| DOI:10.15680/IJIRSET.2023.1208095 | 

IJIRSET©2023                                                   |     An ISO 9001:2008 Certified Journal   |                                                      11240 

 

Properties of Dom-Set Chromatic Number of 

Graphs 
 

S. Anusha 

Assistant Professor, Department of Mathematics, S.T.Hindu College, Nagercoil, Affiliated to Manonmaniam 

Sundaranar University, Abishekapatti, Tirunelveli, Tamil Nadu, India 

 

ABSTRACT:  Let G be a graph. For a non-trivial connected graph 𝐺,  let 𝐶: 𝑉(𝐺) → ℕ be a vertex coloring of G where 

adjacent vertices may be assigned the same color. For a dom-coloring set 𝑆 ⊆ (𝐺), define 𝐶(𝑆) of colors assigned to the 

vertices of 𝑆 by 𝐶(𝑆) = {𝐶(𝑣): 𝑣 ∈ 𝑆}.For a vertex 𝑣 in a graph 𝐺, let 𝑁(𝑣) be the neighbourhood of 𝑣(the dom-coloring 

set of all vertices adjacent to 𝑣 in 𝐺). The neighbourhood color set 𝑁𝐶(𝑣) = 𝐶(𝑁(𝑣)) is the set of colors of the 

neighbours of 𝑣. The new coloring 𝑐 is called dom-set coloring if ,𝑁𝐶(𝑢) ≠ 𝑁𝐶(𝑢)for every pair 𝑢, 𝑣 of adjacent 

vertices of 𝐺.The minimum number of colors required of such a coloring is called the dom-set chromatic number of 𝐺 

and denoted by 𝛾(𝑑−𝑐)𝑠(𝐺).In this paper, we explain some properties of  t dom-set chromatic number  of  graphs. 
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I. INTRODUCTION 

 

  All graphs considered in this paper are finite, undirected graphs and we follow standard definition of graph theory 

as found in [1]. Let G = (V, E) be a graph. The open neighborhood N(v) of a vertex v ∈V(G) consists of the set of all 

vertices adjacent to v. The closed neighborhood of v is N[v] = N (v)∪{v}. An induced subgraph G[S], where S of a 

graph G is a graph formed from a subset S of the vertices of G and all of the edges connecting pairs of vertices in S. A 

graph in which every pair of vertices is joined by exactly one edge is called complete graph. A complete bi partite 

graph is a graph whose vertices can be partitioned into two subsets V1and V2 such that no edge has both end points in 

the same subset, and each vertex of  V1 is connected to every vertex of V2 and vice -verse. A star graph Sn is the 

complete bipartite graph K1,n-1 (A tree with one internal node and n-1leaves). 

 

 The path and cycle of order n are denoted by 𝑃𝑛 and Cn respectively. For any two graphs G and H, we define the 

cartesian product, denoted by G×H , to be the graph with vertex set V(G)×V(H) and edges between two vertices (u1 ,v1) 

and (u2,v2 ) iff either u1=u2 and v1v2∈E (H) or u1u2∈E(G) and v1=v2. 

 

 A subset S of V is called a dominating set if every vertex in V-S is adjacent to atleast one vertex in S. The 

dominating set is minimal dominating set if no proper subset of S is a dominating set of G. The domination number γ is 
the minimum cardinality taken over all minimal dominating set of G. A  γ-set is any minimal dominating set with 

cardinality γ. 
 

 A proper coloring of G is an assignment of colors to the vertices of G such that adjacent vertices have different 

colors. The minimum number of colors for which there exists a proper coloring   of G is called chromatic number of G 

and is denoted by χ (G).  A dominator coloring of G is a  proper coloring of G in which every vertex of G  dominates 

atleast one color class. The dominator chromatic number is denoted by χd (G) and is defined by the minimum number of 

colors needed in a dominator coloring of G .This concept was introduced  by Ralucca Michelle Gera in 2006[2]. 

 

 In a proper coloring C of G, a color class of C is a set consisting of all those vertices assigned the same color. Let C 
1 be a minimal dominator coloring of G. We say that a color class 𝑐𝑖 ∈C 

1 is called a non-dominated color class (n-d 

color class) if it is not dominated by any vertex of G. These color classes are also called repeated color classes. For a 

non-trivial connected graph 𝐺, let 𝐶: 𝑉(𝐺) → ℕ be a vertex coloring of G where adjacent vertices may be assigned the 

same color. For a dom-coloring set 𝑆 ⊆ (𝐺), define 𝐶(𝑆) of colors assigned to the vertices of 𝑆 by 𝐶(𝑆) = {𝐶(𝑣): 𝑣 ∈ 𝑆}.For a vertex 𝑣 in a graph 𝐺, let 𝑁(𝑣) be the neighbourhood of 𝑣(the dom-coloring set of all vertices adjacent to 𝑣 in 𝐺). The neighbourhood color set 𝑁𝐶(𝑣) = 𝐶(𝑁(𝑣)) is the set of colors of the neighbours of 𝑣. The new coloring 𝑐 is 

called dom-set coloring if ,𝑁𝐶(𝑢) ≠ 𝑁𝐶(𝑢)for every pair 𝑢, 𝑣 of adjacent vertices of 𝐺.The minimum number of colors 
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required of such a coloring is called the dom-set chromatic number of 𝐺 and denoted by 𝛾(𝑑−𝑐)𝑠(𝐺).For a graph 𝐺 with 

dom-chromatic number 𝑘,let 𝑐 be a proper 𝑘 – dom-coloring of 𝐺. Suppose that 𝑢 and 𝑣 are adjacent vertices of 𝐺. 

Since (𝑢) ∈ 𝑁𝐶(𝑣) and 𝑐(𝑢) ∉ 𝑁𝐶(𝑢) it follows that 𝑁𝐶(𝑢) ≠ 𝑁𝐶(𝑣).Hence every proper 𝑘 −dom-coloring of 𝐺 

is also called set 𝑘 −dom-coloring of G. Therefore, for every graph 𝐺, (𝑑−𝑐)𝑠(𝐺)≤ 𝛾𝑑−𝑐(𝐺). 

 

OBSERVATION 2.1: 

If 𝑢 and 𝑣 are two adjacent vertices in a graph 𝐺 such that 𝑁(𝑢) − 𝑣 = 𝑁(𝑣) − 𝑢 then 𝑐(𝑢) ≠ 𝑐(𝑣) for every set coloring 𝑐 of 𝐺. Furthermore, if 𝑆 = 𝑁(𝑢) − 𝑣 = 𝑁(𝑣) − 𝑢 then 𝑐(𝑢), 𝑐(𝑣) ⊈ 𝑐(𝑆). 

 

OBSERVATION 2.2: 

If 𝐺 is a non empty bipartite graph, then (𝑑−𝑐)𝑠 = 2. 

 

THEOREM 1: 

If 𝐺 is a connected graph with 𝛾𝑑−(𝐺) ≥ 3, then 𝛾(𝑑−𝑐)𝑠(𝐺) ≥ 3. PROOF: 

Assume, to the contrary, that there exists a connected graph 𝐺 with 𝛾𝑑−𝑐(𝐺) ≥ 3 for which there exists a set 2-coloring 𝑐: 𝑉(𝐺) → {1,2}. Since 𝜒(𝐺) ≥ 3, 𝑖𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 𝐺 contains an odd cycle 𝐶: 𝑣1, 𝑣2, … , 𝑣𝑙, 𝑣1 where 𝑙 ≥ 3 is an odd integer. Consider the (cyclic) dom-color sequence 𝑆: (𝑣1), 𝑐(𝑣2), … , 𝑐(𝑣𝑙), 𝑐(𝑣1) . By a block of  , we means a maximal subsequence of 𝑆 consisting of terms of the same color. 

Claim that 𝑆 cannot contain a block with an even number of terms. 

Without loss of generality, 𝑐(𝑣𝑙) = 2, 𝑐(𝑣𝑖) = 1 for 1 ≤ 𝑖 ≤ 𝑎 where 𝑎 is an even integer with 2 

≤ 𝑎 ≤ 𝑙 − 1 and 𝑐(𝑣𝑎) = 2. Thus 𝑁𝐶(𝑣𝑖) ∈ {{1}, {1,2}} for 1 ≤ 𝑖 ≤ 𝑎. Since 𝑁𝐶(𝑣1) = {1,2} and 𝑐 is set coloring it follows, {1} if i is even 
NC(𝑣𝑖)={ 

{1,2} if i is odd 

 

for 1 ≤ 𝑖 ≤ 𝑎. This implies that 𝑁(𝑣𝑎) = {1}, which is impossible since 𝑐(𝑣𝑎+1) = 2.Hence either 

i. 𝑐(𝑣𝑖) = 1 𝑓𝑜𝑟 𝑎𝑙𝑙 i (1 ≤ 𝑖 ≤ 𝑙) 
ii. 𝑠 contains even number of blocks each of which has an odd number of terms. 

If (i) occurs, then 𝑁𝐶(𝑣𝑖) ∈ {{1}, {1,2}} for 1 ≤ 𝑖 ≤ 𝑙. Since 𝑙 is odd, there is an integer (1 ≤ 𝑗≤ 𝑙) such that 𝑁𝐶(𝑣𝑗) = 𝑁𝐶(𝑣𝑗+1) which is impossible. 

If (ii) occurs, then 𝑙 is even which is impossible. 

Hence our assumption is wrong. Therefore, every connected graph with 𝛾𝑑−𝑐(𝐺) ≥ 3 must have 

(𝑑−𝑐)𝑠(𝐺) ≥ 3 

 

COROLLARY 1: 

A non-empty graph 𝐺 has dom-set chromatic number 2 iff 𝐺 is bipartite.  

PROOF:  

Assume (𝑑−𝑐)𝑠(𝐺)=2 

To prove   𝐺isbipartite. 

Since (𝑑−𝑐)𝑠 (𝐺) = 2.Then 𝐺 has a dom-set coloring with colors {1,2}. This coloring is automatically proper 

because if 𝑢 and 𝑣 are adjacent and 𝑐(𝑢) = 𝑐(𝑣), then 𝑐(𝑢) appears in both 𝑁(𝑢) and 𝑁(𝑣) and with only 2 colors it is 

impossible to make 𝑐(𝑁(𝑢)) ≠ 𝑐(𝑁(𝑣)). Thus 𝜒(𝐺) ≤ 2. 

Therefore, 𝐺 is bipartite. 

Conversely, 

Assume 𝐺 is bipartite. 

To prove (𝑑−𝑐)𝑠(𝐺) = 2. 

The proof is obvious by observation 2.2. 

 

COROLLARY 2: 

If G is a 3-dom-chromatic graph, then (𝑑−𝑐)𝑠(𝐺) = 3 

PROOF: 

Clearly (𝑑−𝑐)𝑠(𝐺) ≥ 𝛾𝑑−𝑐(𝐺) (any dom-set coloring is a proper coloring). Since 𝛾𝑑−𝑐(𝐺) = 3, we have 

(𝑑−𝑐)𝑠(𝐺) ≥ 3 → (1) 
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No additional color is forced beyond the ordinary dom-chromatic number when 𝛾𝑑−𝑐(𝐺) = 3. 

(𝑑−𝑐)𝑠(𝐺) ≤ 3 ⟶ (2) 

From (1) and (2), (𝑑−𝑐)𝑠(𝐺) = 3. 

 

COROLLARY 3: 

 For each integer 𝑛 ≥ 3, (𝑑−𝑐)𝑠(𝐶𝑛) = 𝛾𝑑−𝑐(𝐶𝑛). PROOF: 

Case i) 𝑛 is even (𝑛 ≥ 4) 

Then 𝐶𝑛 is bipartite, which implies 𝛾𝑑−𝑐(𝐶𝑛) = 2. By Corollary 2.1, (𝑑−𝑐)𝑠(𝐶𝑛) = 2 iff 𝐶𝑛 is bipartite. 

Therefore, (𝑑−𝑐)𝑠(𝐶𝑛) = 𝛾𝑑−𝑐(𝐶𝑛). 
 

Case ii) 𝑛 is odd (𝑛 ≥3) 

Let 𝐶𝑛 be non-bipartite, which implies 𝛾𝑑−𝑐(𝐶𝑛) = 3. By Corollary 2.2, If 𝐺 is 3 dom-chromatic then (𝑑−𝑐)𝑠(𝐺) = 3. This 

implies, (𝑑−𝑐)𝑠(𝐶𝑛) = 3. 

Therefore, (𝑑−𝑐)𝑠(𝐶𝑛) = 𝛾𝑠(𝐶𝑛). 
 

THEOREM 2: 

For 𝑛 ≥ 2 and 0 ≤ 𝑡 ≤ 𝑛, (𝑑−𝑐)𝑠(𝐺𝑛, 𝑡) = 𝑛. PROOF: 

Let 𝐺𝑛, denote the graph of order 𝑛 + 1 obtained from 𝐾𝑛 with 𝑉(𝐾𝑛)={𝑣1, 𝑣2, … , 𝑣𝑛} by adding 𝑡 new vertices 𝑢1, 𝑢2, … , 𝑢𝑡 and joining each 𝑢𝑖 to 𝑣𝑖 for 1 ≤ 𝑖 ≤ 𝑡. The result follows immediately if 𝑛 = 2 or 𝑡 = 0, so 

we assume that 𝑛 ≥ 3 and 1 ≤ 𝑡 ≤ 𝑛. 

Since 𝛾𝑑−(𝐺𝑛,𝑡) = 𝑛, we have 𝛾(𝑑−𝑐)𝑠(𝐺𝑛,𝑡) ≤ 𝑛. Suppose that (𝑑−𝑐)𝑠(𝐺𝑛,𝑡) = 𝑘 ≤ 𝑛 − 1 and let there be given a set 𝑘 −dom-

coloring of 𝐺𝑛,𝑡 using the colors in ℕ𝑘. Permuting colors if necessary, we can obtain a set 𝑘 −dom-coloring 𝑐: (𝐺𝑛,𝑡) → 

ℕ𝑘 such that 𝑐(𝑉(𝐾𝑛)) = ℕ𝑙 for some 𝑙 ≤ 𝑘. 

Let 𝑋 be the subset of 𝑉(𝐾𝑛) such that for every 𝑥 ∈ 𝑋 there exists a vertex 𝑦 ∈ 𝑋 − 𝑥 for which 𝑐(𝑦) = 𝑐(𝑥). Since 𝑐 uses atmost 𝑛 − 1 colors, |𝑋| ≥ 2 and furthermore, since each of the vertices in 𝑉(𝐾𝑛) − 𝑋 receives a 

unique color 𝑛 − |𝑋| + 1 ≤ 𝑙. 
For each, 𝑥 ∈ 𝑋, either 

i. 𝑁𝐶(𝑥) = ℕ𝑙 
ii. 𝑁𝐶(𝑥) = ℕ𝑙 ∪ 𝑐(𝑢) if 𝑢 is the end vertex adjacent to 𝑥 and 𝑐(𝑢) ∉ ℕ𝑙. 
Since atmost one of the |X| vertices can have the neighbourhood color set ℕ𝑙, atleast |X|-1 colors not in ℕ𝑙 are needed to 

color the end vertices so that the vertices in 𝑋 have distinct neighbourhood color set, that is 𝑘 ≥ 𝑙 + |𝑋| − 𝑙 ≥ 𝑛 

 

It is a contradiction. Therefore, (𝑑−𝑐)𝑠(𝐺𝑛,𝑡) = 𝑛 

 

THEOREM 3: 

For every complete 𝑘 −partite graph 𝐺, (𝑑−𝑐)𝑠(𝐺) = 𝑘. PROOF: 

Given that (𝑑−𝑐)𝑠(𝐺) = 𝑘. We know that (𝑑−𝑐)𝑠(𝐺) ≤ 𝛾𝑑−𝑐(𝐺) = 𝑘. Therefore, (𝑑−𝑐)𝑠(𝐺) ≤ 𝑘. 

Assume that the statement is false. Let (𝑑−𝑐)𝑠(𝐺) ≤ 𝑘 − 1 , 𝑘 ≥ 4. Suppose that the partite 

sets of 𝐺 are 𝑉1, 𝑉2, … , 𝑉𝐾. Let there be given a set (𝑘 − 1) coloring 𝑐: 𝑉(𝐺) → ℕ𝑘−1 of 𝐺. 

We claim that for each partite set 𝑉(1 ≤ 𝑖 ≤ 𝑘) the coloring 𝑐𝑖 = 𝑐\V(𝐺) − 𝑉𝑖 is the set dom- coloring of 𝐺 − 𝑉𝑖, which is 

complete (𝑘 − 1) partite graph. Let 𝑢 and 𝑣 be adjacent vertices in 𝐺 − 𝑉𝑖. In 𝐺 we have 𝑁𝐶𝑐(𝑢) ≠ 𝑁𝐶𝑐(𝑣). Since 𝑁𝐶𝑐(𝑢) = 𝑁𝐶𝑐𝑖(𝑢) ∪ 𝑐(𝑉𝑖) and 𝑁𝐶𝑐(𝑣) = 𝑁𝐶𝑐𝑖(𝑢) ∪ 𝑐(𝑉𝑖), it follows 𝑁𝐶𝑐𝑖 ≠ 𝑁𝐶𝑐𝑖(𝑣). This implies that the coloring 𝑐𝑖 of 𝐺 − 𝑉𝑖 is set coloring. Since 𝜒(𝐺 − 𝑉𝑖) = 𝑘 − 1, it follows that 𝑐(𝑉(𝐺) − 𝑉𝑖) = ℕ𝑘−1. 

Thus 𝑁𝐶𝑐(𝑥) = ℕ𝑘−1 for every vertex 𝑥 of 𝑉𝑖. Since the partite set 𝑉𝑖 was chosen arbitrarily 𝑁𝐶𝑐(𝑥) = ℕ𝑘−1 for every vertex 𝑥 of 𝐺, which is impossible. 

Therefore, (𝑑−𝑐)𝑠(𝐺) = 𝑘. 
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COROLLARY 4: 

For each pair 𝑘, 𝑛 of integers with 2 ≤ 𝑘 ≤ 𝑛, there is a connected graph 𝐺 of order 𝑛 with 𝛾(𝑑−𝑐)𝑠(𝐺) = 𝑘.  

 

OBSERVATION 3.3: 

Let 𝐺 be a graph of order 𝑛 ≥ 2. Then 𝛾𝑑−𝑐(𝐺) = 𝑛 − 1 if and only if 𝜔(𝐺) = 𝑛 − 1. 

 

REFERENCES 

 

[1] F.Harrary , Graph Theory ,Addition- wesley Reading, Mass, 1969. 

[2] Gera-R, Rasmussen-c and Horton-S, Dominator coloring and safe clique partitions, congr. Numer 181(2006) 19-32. 

[3] Gera-R M, On dominator coloring  in graphs, Graph  Theory Notes N.Y.LII (2007) 25-30. 

[4] S.M.Dedetniemi, S.T.Hedetniemi ,A.A.Mcrae ,J.R.S Blair,Dominator coloring of graphs,2006 (pre print). 

[5] Terasa W.Haynes,Stephen T.Hedetniemi ,Peter J.Slater, Domination in Graphs, Marcel Dekker,NewYork,1998. 

[6]R. Arundhadhi and V. Ilayarani, Total Colouring of Closed Helm, Flower and Bistar graph family, Interna-tional 

Journal of Scientific and Research Publications,7(7)(2017), 616–621. 

[7] B. Chaluvaraju and C. AppajiGowda, Dom-chromatic number of a graph, Malaya Journal of Mathematik, 

4(1)(2016), 1–7. 

[8] T.N Janakiraman and M. Poobalaranjani, Dom-chromatic sets in Bi-partite graphs, International Journal of 

Engineering Science, Advanced Computing and Bio-Technology, 1(2)(2010), 80–95. 

[9] J. Jeba Jesintha and K. Ezhilarasi Hilda, Shell-Butterfly graphs are Graceful, International Journal of Pure and 

Applied Mathematics, 101(6)(2015), 949–956. 

[10] Joseph A. Gallian, A Dynamic survey of Graph Labeling, The Electronic Journal of Combinatorics, 21, 2018. 

[11] S. Meena, M. Renugha and M. Sivasakthi, Cordial labeling for different types of shell graphs, International Journal 

of Scientific and Engineering Research, 6(9)(2019. 

http://www.ijirset.com/


 

8.423 


	Properties of Dom-Set Chromatic Number of Graphs
	OBSERVATION 2.1:
	OBSERVATION 2.2:
	THEOREM 1:
	COROLLARY 1:
	COROLLARY 2:
	COROLLARY 3:
	THEOREM 2:
	THEOREM 3:
	COROLLARY 4:
	REFERENCES
	[1] F.Harrary , Graph Theory ,Addition- wesley Reading, Mass, 1969.
	[2] Gera-R, Rasmussen-c and Horton-S, Dominator coloring and safe clique partitions, congr. Numer 181(2006) 19-32.
	[3] Gera-R M, On dominator coloring  in graphs, Graph  Theory Notes N.Y.LII (2007) 25-30.
	[4] S.M.Dedetniemi, S.T.Hedetniemi ,A.A.Mcrae ,J.R.S Blair,Dominator coloring of graphs,2006 (pre print).
	[5] Terasa W.Haynes,Stephen T.Hedetniemi ,Peter J.Slater, Domination in Graphs, Marcel Dekker,NewYork,1998.
	[6]R. Arundhadhi and V. Ilayarani, Total Colouring of Closed Helm, Flower and Bistar graph family, Interna-tional Journal of Scientific and Research Publications,7(7)(2017), 616–621.
	[7] B. Chaluvaraju and C. AppajiGowda, Dom-chromatic number of a graph, Malaya Journal of Mathematik, 4(1)(2016), 1–7.
	[8] T.N Janakiraman and M. Poobalaranjani, Dom-chromatic sets in Bi-partite graphs, International Journal of Engineering Science, Advanced Computing and Bio-Technology, 1(2)(2010), 80–95.
	[9] J. Jeba Jesintha and K. Ezhilarasi Hilda, Shell-Butterfly graphs are Graceful, International Journal of Pure and Applied Mathematics, 101(6)(2015), 949–956.
	[10] Joseph A. Gallian, A Dynamic survey of Graph Labeling, The Electronic Journal of Combinatorics, 21, 2018.
	[11] S. Meena, M. Renugha and M. Sivasakthi, Cordial labeling for different types of shell graphs, International Journal of Scientific and Engineering Research, 6(9)(2019.

